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Abstract
Recently, L. Buhovsky, A. Logunov and S. Tanny proved the (strong) Poisson bracket
conjecture by Leonid Polterovich in dimension 2. In this note, instead of open cover constituted
of displaceable sets in their work, considering open cover constituted of topological discs we
give a sufficient and necessary condition that Poisson bracket invariants of these covers are
positive.
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1 Introduction and results
Throughout this note we always assume that (M,ω) is a closed connected symplectic manifold
and that ‖ ·‖ : C∞(M)→ [0,∞) denotes the C0-norm or L∞-norm of smooth functions onM .
Recall that a subset X ofM is called displaceable if there exists a Hamiltonian diffeomorphism
φ ∈ Ham(M,ω) such that φ(X) is disjoint with X ([8]). Entov and Polterovich proved in [4]
a surprising link between nondisplaceability and Poisson commutativity, the non-displaceable
fiber theorem, which claimed that some fiber (~f)−1(p) 6= ∅ and is nondisplaceable for a smooth
map ~f = (f1, · · · , fN) : M → RN with pairwise Poisson commuting coordinate functions fi,
i = 1, · · · , N ∈ N. This theorem is equivalent to the following rigidity of partitions of unity
[5]: any finite open cover of M by open displaceable sets does not admit a Poisson commuting
partition of unity.
We say an open cover U of M to be connected (resp. displaceable, resp. connected and
displaceable if each element of U is connected (resp. displaceable, resp. connected and dis-
placeable) in M .
In order to measure the Poisson noncommutativity of a smooth partition of unity F :=
{fi}Ni=1 subordinated to a connected and displaceable finite open cover U := {Ui}
N
i=1 of M ,
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Polterovich [13] defined the magnitude of its Poisson noncommutativity by
νc(F) := max
a,b∈[−1,1]N
∥∥∥∥∥∥


N∑
i=1
aifi,
N∑
j=1
bjfj


∥∥∥∥∥∥ ,
and the Poisson bracket invariant of U by
pb(U) := inf
F
νc(F),
where the infimum is taken over all partitions of unity F subordinate to U . Polterovich gave
several lower bounds for pb(U) and proposed:
Question 1.1 ([14, Question 8.1]). Is it true that pb(U) ≥ C/e(U), where the constant C
depends only on the symplectic manifold (M,ω), and where e(U) := maxi∈I e(Ui) and e(Ui)
is the displacement energy of Ui?
This was called the (strong) Poisson bracket conjecture by J. Payette [12], and studied in
references [1, 2, 3, 6, 9, 11, 12, 16].
Recently, Buhovsky, Logunov and Tanny [2] affirmatively answered this question in dimen-
sion 2. Let U be a finite open cover on smooth manifold M . A set U in U is called essential
if U \ {U} is not a cover [2, Def.1.6]. Denote by J (U) ⊂ U the collection of essential sets of U .
Let |U| denote the number of open subsets in U . A subcover U0 of U is said to be smallest
if |U0| is equal to
κ(U) := min
U ′⊂U
{|U ′| : U ′ is also a cover of M}.
Clearly, the smallest subcover of U is not necessarily unique, and each of them is a minimal
cover of M . Moreover, a subcover of U which is a minimal cover of M is not always a smallest
subcover of U because the cardinality of a minimal cover of M may be greater than κ(U).
Note that each element of U0 is the essential set of U0 but not always the essential set of U .
Buhovsky, Logunov and Tanny [2] proved the following results.
Theorem 1.2 ([2, Theorem 1.7 and Remark 1.8]). There exists a constant c > 0 such that
for any closed and connected symplectic surface (M,ω) and any finite open cover U = {Ui}Ni=1
of M made by topological discs of area less than Area(M)/2,
pb(U) ≥
|J (U)|c
Area(M)
and pb(U) ≥
c
minU∈J (U)Area(U)
,
where we set the minimum of an empty set to be infinity.
Theorem 1.3 ([2, Theorem 1.5’]). Let (M,ω) be a closed and connected symplectic surface.
Let U = {Ui}i∈I , V = {Vj}j∈J be finite open covers of M , and let {fi}i∈I , {gj}j∈J be partitions
of unity subordinate to U , V correspondingly. Then∫
M
∑
i∈I
∑
j∈J
|{fi, gj}| ω ≥
Area(M)
2 ·max(e(U), e(V))
(1.1)
Note that the definition of displaceability at the bottom of [2, page 1] is different from
ours. They called a subset X of M displaceable if the closure X¯ of X is displaceable in our
definition above. Thus in our language [2, Corollary 1.9] may be reformulated as
Corollary 1.4 ([2, Corollary 1.9]). Let (M,ω) be a closed and connected symplectic surface.
Let U = {Ui}i∈I be a finite connected open cover of M such that the closure of each Ui is
displaceable, then for an absolute constant c > 0 we have
pb(U) ≥
c
e(U)
. (1.2)
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In Theorem 1.2, since the second inequality holds trivially if J (U) = ∅, it is necessary
to assume that the cover U contains at least an essential set so that minU∈J (U)Area(U)
is a positive number. Note also that the condition “max1≤i≤N Area(Ui) < Area(M)/2” in
Theorem 1.2 implies κ(U) ≥ 3 (because M is closed and each Ui is a topological disc of area
less than Area(M)/2). It is obvious that the converse is not true in general.
Example 1.5. Let M = S2 = {(x1, x2, x3) ∈ R3 |x21 + x
2
2 + x
2
3 = 1}, ω an area form on S
2,
and U = {U1, U2, U3}, where
U1 = {(x1, x2, x3) ∈ S2 |x3 < 1/2},
U2 = {(x1, x2, x3) ∈ S2 |x3 > 0, x1 > −1/4},
U3 = {(x1, x2, x3) ∈ S
2 |x3 > 0, x1 < 1/4}.

 (1.3)
Clearly, κ(U) = 3, but Area(U1) > Area(M)/2.
The following result claims that the condition “max1≤i≤N Area(Ui) < Area(M)/2” in
Theorem 1.2 may be replaced by “κ(U) ≥ 3” and “J (U) 6= ∅”.
Theorem 1.6. There exists a constant c > 0 such that for any closed and connected symplectic
surface (M,ω) and any finite open cover U = {Ui}Ni=1 made by topological discs and containing
an essential set and with κ(U) ≥ 3,
pb(U) ≥
|J (U)|c
Area(M)
and pb(U) ≥
c
minU∈J (U)Area(U)
.
If the condition “J (U) 6= ∅” is cast away, as an improvement of a special case of [2,
Theorem 1.5 or 1.5’] we have the following analogue of Theorem 1.3 ([2, Theorem 1.5’]).
Theorem 1.7. Let (M,ω) be a closed connected symplectic surface and let U = {Ui}Ni=1 be
a finite open cover consisted of topological discs. If κ(U) ≥ 3, then for any partition of unity
subordinate to U , F := {fi}
N
i=1, there holds∫
M
N∑
i,j=1
|{fi, fj}|ω ≥ 1
and hence
pb(U) ≥
c
Area(M,ω)
(1.4)
for some absolute constant c > 0.
Clearly, if an open cover U = {Ui}Ni=1 of a closed connected symplectic surface (M,ω)
consists of topological discs, then κ(U) ≥ 2. We claim pb(U) = 0 if κ(U) < 3. In fact, in
this case any smallest subcover U0 of U only contains two sets, saying U0 = {U1, U2}, and any
smooth partition of unity F0 = {f1, f2} subordinated to U0 satisfies {f1, f2} = {f1, 1−f1} = 0
and so 0 = pb(U0) ≥ pb(U) ≥ 0. From these and Theorem 1.7 we arrive at:
Corollary 1.8. Let (M,ω) be a closed connected symplectic surface and U = {Ui}Ni=1 be a
open cover of M consisted of topological discs. Then pb(U) > 0 if and only if κ(U) ≥ 3.
Under the assumptions of Corollary 1.4([2, Corollary 1.9]) the inequality in (1.4) may follow
from (1.2) since e(U) ≤ Area(M,ω)/2. Obverse that the conditions of Theorem 1.7 and those
of Corollary 1.4 cannot be contained each other. Actually, Theorem 1.7 can also lead to
Corollary 1.9. Let (M,ω) be a closed and connected symplectic surface and let U = {Ui}Ni=1
be a finite connected open cover of M such that the closure of each Ui is displaceable. Then
for an absolute constant c > 0 there holds
pb(U) ≥
c
Area(M,ω)
. (1.5)
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Proof. Since Ui is connected, so is the closure U¯i of it. Moreover U¯i is displaceable, and
compact due to the fact that M is a closed surface. By [2, Remark 1.2], we have em-
bedded open topological discs Vi ⊂ M with smooth boundaries such that Ui ⊂ Vi and
Area(Vi) ≤ Area(M)/2, i = 1, · · · , N . (In fact, by Exercise 3 in [7, Chap. 3, §1] U¯i has a closed
neighborhoodWi is a smooth submanifold ofM . Moreover,Wi can be required to be arbitrar-
ily close U¯i, and so displaceable connected and has area less than Area(M)/2. By [12, The-
orem 4.1(2)-(i)] we get a smoothly embedded closed disc D¯i of area Area(D¯i) ≤ Area(M)/2.
Then Vi := Int(D¯i) satisfies our requirements.) Clearly, V = {Vi}Ni=1 is an open cover of M ,
and κ(V) ≥ 3. Hence (1.5) follows from Theorem 1.7 since pb(U) ≥ pb(V) by definition.
Finally, it should be pointed out that Example 1.5 satisfies the conditions of Theorem 1.7,
but not those of Corollary 1.4([2, Corollary 1.9]).
We shall complete proofs of Theorems 1.6, 1.7 in Sections 2, 3, respectively.
Acknowledgements. Both authors are deeply grateful to Lev Buhovsky for wonderful reports
and explanations on their work.
2 Proof of Theorem 1.6
This can be completed with the similar way to [2, Theorem 1.7].
Lemma 2.1 ([2, Lemma 1.3]). Let (M2n, ω) be a closed symplectic manifold of dimension 2n.
Then, there exists a constant c(n) > 0 depending only on the dimension 2n of M , such that
for every finite collection of smooth functions {fi}Ni=1 on M ,
max
a,b∈[−1,1]N
∥∥∥∥∥∥


N∑
i=1
aifi,
N∑
j=1
bjfj


∥∥∥∥∥∥ ≥ c(n) ·maxM
N∑
i,j=1
|{fi, fj}|.
Lemma 2.2 ([2, Lemma 2.1]). For given two smooth functions f, g : M → R let Φ := (f, g) :
M → R2. Consider the function K : R2 → R ∪ {∞} defined by
K(s, t) := #(f−1(s) ∩ g−1(t)) = #Φ−1(s, t).
Then for any Lebesgue measurable set Ω ⊂ R2,∫
Φ−1(Ω)
|{f, g}|ω =
∫
Ω
K(s, t)dsdt.
Let F = {fi}Ni=1 be a partition of unity subordinated to a given open cover U = {Ui}
N
i=1
of M . For t ≥ 0 we define
Ui(t) := {x ∈M : fi > t}, i = 1, · · · , N. (2.1)
Theorem 1.6 may be derived from the last two lemmas and the following:
Lemma 2.3. Under the assumptions of Theorem 1.6, for any partition of unity F = {fi}Ni=1
subordinated to U , ∫
M
N∑
i,j=1
|{fi, fj}|ω ≥ |J (U)|,
max
M
N∑
i,j=1
|{fi, fj}| ≥
1
minUi∈J (U)Area(Ui)
,
where the minimum of an empty set is understand to be infinity.
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Proof. This will be proved as in [2, Theorem 1.7]. Since the open cover U = {Ui}Ni=1 contains
at least an essential set, we can fix an essential set Ui ∈ U . Then there exists a point zi ∈ Ui
such that zi /∈ Uj for all j ∈ {1, · · · , N} \ {i}. It follows that fi(zi) = 1 and hence zi ∈ Ui(s)
for all s ∈ (0, 1). For every regular value s ∈ (0, 1) of fi, let Vi(s) denote the connected
component of Ui(s) that contain zi. Denote by V˜i(s) the open topological disc of minimal area
which contains Vi(s) and is contained in Ui, and by γ
s := ∂V˜i(s). Then γ
s is connected and
is contained in {fi = s} ∩ ∂Vi(s). Fix ys ∈ γs and define tsj := fj(y
s) ∈ R for each j 6= i.
For a fixed j 6= i, and let t ∈ (0, tsj) be a regular value of fj . Then y
s ∈ Uj(t). Denote
by Dj(t) the closure of connected component of Uj(t) that contains y
s, and by D˜j(t) the
closed topological disc of minimal area which contains Dj(t) and is contained in Uj . Then
∂D˜j(t) ⊂ ∂Dj(t) ∩ {fj = t}.
We claim that γs has at least two points of intersection with ∂D˜j(t). In fact, since the
interior of D˜j(t) intersects γ
s, we only need to prove that γs is not contained in D˜j(t). Equiv-
alently, it suffice to show that both V˜i(s) and its complement V˜i(s)
c are not contained in
D˜j(t). Since Dj(t) ⊂ Uj and ∂D˜j(t) ⊂ {fj = t} ⊂ Uj , we have D˜j(t) ⊂ Uj. Moreover V˜i(s)
contains zi /∈ Uj, and so V˜i(s) * D˜j(t). In order to get the desired claim we also need to
show that V˜i(s)
c * D˜j(t). Suppose that U ci ⊂ Uj0 for some j0 ∈ {1, · · · , N} \ {i}. Then
{Ui, Uj0} can coverM , and thus κ(U) 6 2, which contradicts the assumption κ(U) ≥ 3. Hence
U ci * Uj , ∀j 6= i. Note that U
c
i ⊂ V˜i(s)
c and D˜j(t) ⊂ Uj . We conclude that V˜i(s)c * D˜j(t).
Denote by cv(fk) the set of critical values of fk, k = 1, · · · , N . Define
Ωij := {(s, t) : s ∈ (0, 1) \ cv(fi) & t ∈ (0, t
s
j) \ cv(fj)}
and Φij = (fi, fj) and
Kij : R
2 → R ∪ {∞}, (s, t) 7→ ♯Φ−1ij (s, t) = ♯(f
−1
i (s) ∩ f
−1
j (t)).
The above claim implies that Kij(s, t) ≥ 2 for any (s, t) ∈ Ωij . Applying Lemma 2.2 to fi and
fj with Ω := Ωij we obtain∫
M
|{fi, fj}|ω ≥
∫
Φ−1
ij
(Ωij)
|{fi, fj}|ω
=
∫
Ωij
Kij(s, t)dsdt
≥
∫
(0,1)\cv(fi)
ds
∫
(0,ts
j
)\cv(fj)
2dt = 2
∫
(0,1)\cv(fi)
tsjds.
Because tsj = fj(y
s), summing the above inequality over all j 6= i we get
N∑
j=1
∫
M
|{fi, fj}|ω ≥ 2
∑
j 6=i
∫
(0,1)\cv(fi)
tsjds
= 2
∫
(0,1)\cv(fi)
∑
j 6=i
fj(y
s)ds
= 2
∫
(0,1)\cv(fi)
(1− fi(y
s))ds.
For every s ∈ (0, 1) \ cv(fi), since ys ∈ γs ⊂ {fi = s}, we have fi(ys) = s and thus
N∑
j=1
∫
M
|{fi, fj}| ≥ 2
∫
(0,1)\cv(fi)
(1− s)ds = 2
∫ 1
0
(1− s)ds = 1.
Summing over all i satisfying Ui ∈ J (U), the proof of Lemma 2.3 is completed.
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Remark 2.4. Actually, there is a question about integrality of the function (0, 1) \ cv(fi) ∋
s 7→ tsj ∈ R in the proof above. This can be solved by suitable choices of y
s. Recall that we
first fix ys ∈ γs and then define tsj := fj(y
s) ∈ R for each j 6= i. Since (0, 1) \ cv(fi) is union of
at most countable open intervals contained in (0, 1), saying (0, 1) \ cv(fi) = ∪
∞
n=1In, for each
nonempty In we fix sn ∈ In and ysn ∈ γsn . Let Φ
sn be the gradient flow of fi through y
sn
with respect to some fixed Riemannian metric on M . For each s ∈ In \ {sn} let us choose ys
to be the unique intersection point of f−1i (s) with Im(Φ
sn). Clearly, ys smoothly depends on
s ∈ In \ {sn}. Hence In \ {sn} ∋ s 7→ tsj := fj(y
s) ∈ R is smooth for each j 6= i.
3 Proof of Theorem 1.7
We begin with some definitions in [2].
Definition 3.1 ([2, Definition 3.3]). An subset U in a smooth closed surface M is said to have
a piecewise smooth boundary if ∂U is a finite union of disjoint curves Γ1, · · · ,Γm, such that
each Γj is a simple, closed, piecewise smooth and regular curve.
Definition 3.2 ([2, Definition 3.3]). Let γ1, · · · , γm ⊂ M be a finite collection of smooth
regular curves with a finite number of intersection points. Denote Γ = γ1 ∪ · · · ∪ γm. A
connected component of the complement M \Γ is called a face of Γ. A point v ∈ Γ that lies in
the intersection of two (or more) curves is called a vertex of Γ.
Definition 3.3 (cf. [2, Definition 3.1]). A cover U = {Ui}i∈I of M is called good if ∂Ui and
∂Uj intersect transversally for all i, j ∈ I, i 6= j. Two covers U = {Ui}i∈I ,V = {Vj}j∈J of M
are said to be in generic position if
∂Ui ∩ ∂Uk ∩ ∂Vj = ∅ and ∂Ui ∩ ∂Vj ∩ ∂Vl = ∅
for all i, k ∈ I, i 6= k, and j, l ∈ J, j 6= l.
The following lemma is a variant of [2, Lemmas 3.2 and 3.4].
Lemma 3.4. Let U = {Ui}i∈I and V = {Vj}j∈J be good finite open covers of M . Assume
(i) U and V are in generic position;
(ii) there exist U˜ = {U˜}i∈I and V˜ = {V˜ }j∈J both consisted of topological discs such that
κ(U˜ ∪ V˜) ≥ 3, Ui ⊂ U˜i and Vj ⊂ V˜j for all i ∈ I, j ∈ J ;
(iii) there exist L ∈ N such that for any point x ∈ M , #{i ∈ I : x ∈ Ui} ≥ L and #{j ∈ J :
x ∈ Vj} ≥ L.
Then
♯ ∪i,j (∂Ui ∩ ∂Vj) ≥ (L+ 1)
2.
Proof. Let I = {1, 2, · · · , |I|} and J = {1, 2, · · · , |J |}. Denote by SI and SJ the sets of
permutations on the elements of I and J respectively. For α ∈ SI and β ∈ SJ define the
unions of curves
Γα := ∪i∈I(∂Uα(i) ∩ U
c
α(i−1) ∩ · · · ∩ U
c
α(1)),
Γ′β := ∪j∈J (∂Vβ(j) ∩ V
c
β(j−1) ∩ · · · ∩ V
c
β(1)).
Step 1. Given a nonempty connected component P of M \ Γα (resp. M \ Γ′β), prove that
there exists i ∈ I (resp. j ∈ J) such that P ⊂ Ui (resp. P ⊂ Vj). We only prove the case for
the component of M \ Γα. Another case is similar. On the contrary, assume that P * Ui for
all i ∈ I. Since ∂Uα(1) ⊂ U
c
α(1) ⊂ Γα, we get P ∩ ∂Uα(1) ⊂ P ∩ Γα = ∅. This and the fact
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that P * Uα(1) imply that P ⊂ U cα(1). Assuming P ⊂ U
c
α(1) ∩ · · · ∩ U
c
α(i−1), we conclude that
P ∩ ∂Uα(i) ⊂ P ∩ Γα = ∅ since ∂Uα(i) ∩ U
c
α(1) ∩ · · · ∩ U
c
α(i−1) ⊂ Γα. As above it follows that
P ⊂ U c
α(i) because P * Uα(i). By induction on i ∈ I , we obtain that P ⊂ ∩i∈IU
c
α(i) = ∅,
which contradicts P 6= ∅.
Step 2. Prove #(Γα ∩ Γ′β) ≥ 1. First, let us show that by removing parts from Γα and Γ
′
β ,
we can get Γ˜α and Γ˜
′
β such that their faces are open topological discs. By Step 1, for any face
P of Γα, there exists i ∈ I such that P ⊂ Ui ⊂ U˜i. Let P˜ be the open topological disc of
minimal area that contains P and is contained in U˜i. Then ∂P˜ ⊂ ∂P ⊂ Γα, and P˜ is a face of
Γ1α := Γα \ (Γα ∩ P˜ ). For a face P1 of Γ
1
α which is not an open topological disc, repeating the
above way we finally get Γ˜α such that each face of Γ˜α is an open topological disc. Similarly,
from Γ′β we obtain a Γ˜
′
β with the same properties. It is obvious that
#(Γα ∩ Γ
′
β) ≥ #(Γ˜α ∩ Γ˜
′
β).
Call a face G of Γ˜α (resp. Γ˜
′
β) is maximal if it is not properly contained in any face of
Γ˜′β (resp. Γ˜α). Notice that any non-maximal face of Γ˜α is contained in a maximal face of
Γ˜′β. (Indeed, for a non-maximal face P of Γ˜α, by the definition there exists a face Q of Γ˜
′
β
such that P ( Q. We claim that Q is a maximal face of Γ˜′β . Otherwise, there exists a face
P ′ of Γ˜α such that P ( Q ( P ′, which contradicts the fact that P is a face and thus a
connected component.) Therefore the union of maximal faces of both Γ˜α and Γ˜
′
β covers the
complementary of Γ˜α ∩ Γ˜′β in M . Hence either Γ˜α or Γ˜
′
β has at least a maximal face. Without
loss of generality, we assume that Γ˜α has the maximal faces.
Let G be a maximal face of Γ˜α. Then there exists a face G
′ of Γ˜′β such that
∂G ∩G′ 6= ∅. (3.1)
(Otherwise, ∂G ⊂ Γ˜′β , and hence #(Γ˜α ∩ Γ˜
′
β) =∞, the conclusion is proved.) We claim that
∂G ∩ (M \G′) 6= ∅. (3.2)
In fact, if ∂G ∩ (M \G′) = ∅, then ∂G ⊂ G′, and we have either M \G′ ⊂ G or G ⊂ G′ since
M \G′ is connected. The first case is impossible since κ(U˜ ∪ V˜) ≥ 3. In the second case we
get G ⊂ G′, which contradicts the maximality of G.
Since the boundary ∂G is a simple closed curve, (3.1) and (3.2) imply #(∂G ∩ ∂G′) ≥ 1,
and thus
#(Γα ∩ Γ
′
β) ≥ #(Γ˜α ∩ Γ˜
′
β) ≥ #(∂G ∩ ∂G
′) ≥ 1.
Step 3. Since Γα ⊂ ∪i∈I∂Ui and Γ′β ⊂ ∪j∈J∂Vj , Γα ∩ Γ
′
β ⊂ ∪i,j(∂Ui ∩ ∂Vj) and so
△ := ∪α∈SI ∪β∈J Γα ∩ Γ
′
β ⊂ ∪i,j(∂Ui ∩ ∂Vj). (3.3)
Fixing a point x ∈ △ we estimate
♯{(α, β) ∈ SI × SJ : x ∈ Γα ∩ Γ
′
β} = ♯{α ∈ SI : x ∈ Γα} × ♯{α ∈ SJ : x ∈ Γ
′
β}.
Let i ∈ I such that x ∈ ∂Ui. By the definition of Γα, x ∈ Γα only if α−1(i) < α−1(k) for
any k ∈ I such that x ∈ Uk. By our assumption, ♯{k ∈ I : x ∈ Uk} ≥ L. Because of
symmetry, the number of permutations σ = α−1 for which ♯{k ∈ I : σ(i) < σ(k)} ≥ L is
at most |I|!/(L + 1). It follows that ♯{α ∈ SI : x ∈ Γα} ≤ |I|!/(L + 1). Similarly, we have
♯{α ∈ SI : x ∈ Γα} ≤ |J |!/(L+ 1).
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Note that the disjoint union
∐
α∈SI
∐
β∈J(Γα ∩Γ
′
β) has exactly
∑
α∈SI
∑
β∈SJ
#(Γα ∩Γ′β)
elements, and that each point x ∈ △ appears ♯{(α, β) ∈ SI × SJ : x ∈ Γα ∩ Γ′β} times in∐
α∈SI
∐
β∈J(Γα ∩ Γ
′
β). Then
♯(∪α∈SI ∪β∈J Γα ∩ Γ
′
β)× |I|!/(L+ 1)× |J |!/(L+ 1)
≥ ♯(∪α∈SI ∪β∈J Γα ∩ Γ
′
β)×max
{
♯{(α, β) ∈ SI × SJ : x ∈ Γα ∩ Γ
′
β} : x ∈ △
}
≥ ♯(
∐
α∈SI
∐
β∈J
(Γα ∩ Γ
′
β)) =
∑
α∈SI
∑
β∈SJ
♯(Γα ∩ Γ
′
β)
and hence
♯ ∪i,j (∂Ui ∩ ∂Vj) ≥ ♯(∪α∈SI ∪β∈J Γα ∩ Γ
′
β)
≥
L+ 1
|I|!
L+ 1
|J |!
∑
α∈SI
∑
β∈SJ
♯(Γα ∩ Γ
′
β)
≥ (L+ 1)2.
.
Proof of Theorem 1.7. The basic ideas are the same as those of [2, Theorem 1.5]. Fix a large
L ∈ N so that L > |I|. We shall use the functions {fi}i∈I to construct covers satisfying the
assumptions of Lemma 3.4. For every i ∈ I pickmi ∈ N such that
mi
L
> maxM fi, and consider
the interval
Ii,k :=
[
k − 1
L
,
k
L
]
, k = 1, · · · ,mi.
Denote by si,k ∈ Ii,k an independent variable. We equip the interval Ii,k with the normalized
Lebesgue measure µi,k := Ldsi,k. Put n :=
∑
i∈I mi. Then
C := Πi∈IΠ16k6miIi,k ⊂ R
n.
For s := (si,k)i,k, t := (tj,l)j,l ∈ C, consider the open sets
Usi,k := Ui,k(si,k) = {fi > si,k}, 1 6 k 6 mi, i ∈ I,
U tj,l := Uj,l(tj,l) = {fj > tj,l}, 1 6 l 6 mj , j ∈ I.
Since
∑
i∈I fi = 1, for any x ∈ M there exists an i ∈ I such that fi(x) ≥ 1/|I| > 1/L > si,1.
It follows that Us := {Usi,k}i,k and U
t := {U tj,l}j,l are open cover of M for any s, t ∈ C.
Let us show that for almost all s, t ∈ C the covers Us and U t satisfy the assumptions of
Lemma 3.4. The condition (iii) is easily checked. Given a x ∈M , for every i ∈ I we have
♯{1 6 k 6 mi : x ∈ U
s
i,k} = ♯{1 6 k 6 mi : fi(x) > si,k}
≥ ♯{1 6 k 6 mi : fi(x) >
k
L
}
≥ Lfi(x) − 1.
This implies that the number of sets in Us containing x is at least
∑
i∈I(Lfi(x)− 1) = L− |I|.
Claim. For almost all (s, t) ∈ C × C the cover Us and U t are good and in generic positions.
Indeed, by Sard’s theorem, for almost all (s, t) ∈ C×C, (si,k, tj,l) is a common regular value
of all maps
Φi,j :M −→ R
2, x 7→ (fi(x), fj(x)), ∀i, k, j, l.
In particular, for such a pair (s, t), the boundaries ∂Usi,k and ∂U
t
j,l intersect transversely. (Since
each z ∈ ∂Usi,k ∩ ∂U
t
j,l is a regular point, i.e., detΦi,j(z) 6= 0, the gradients ∇fi(z) and ∇fj(z)
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intersect transversely.) Moreover, if ∂Usi,k ∩ ∂U
t
j,l ∩ ∂U
t
q,p 6= ∅, then (si,k, sj,l, sq,p) is in the
image of
Φi,j,q :M −→ R
3, x 7→ (fi(x), fj(x), fq(x)).
Since the image Im(Φi,j,q) has the codimension at least 1 in R3 and thus the measure of
∪i,j,qIm(Φi,j,q) is equal to zero, we deduce that for almost all (s, t) ∈ C × C the cover Us and
U t are good and in generic positions.
It remains to prove that (ii) of Lemma 3.4 is satisfied. Since κ(U) ≥ 3 and
Usi,k = {fi > si,k} ⊂ suppfi ⊂ Ui,
we may take U˜si,k = Ui and thus κ({U˜
s
i,k : i, k, s}) ≥ 3.
In summary, for almost all (s, t) ∈ C × C, Us and U t satisfy the assumptions of Lemma3.4.
Applying Lemma 3.4 for Lˆ := L+ 1− |I| and almost every (s, t), we obtain
♯ ∪i,k,j,l (∂U
s
i,k ∩ ∂U
t
j,l) ≥ Lˆ
2.
Averaging this inequality over (s, t) ∈ C × C with respect to the normalized product measure
µ× µ, where µ := Πi,kµi,k, we obtain
Lˆ2 ≤
∫
C×C
♯ ∪i,k,j,l (∂U
s
i,k ∩ ∂U
t
j,l) dµ(s)dµ(t)
≤
∫
C×C
∑
i,k,j,l
♯(∂Usi,k ∩ ∂U
t
j,l)dµ(s)dµ(t)
=
∑
i,k,j,l
∫ k
L
k−1
L
∫ l
L
l−1
L
♯(∂Usi,k ∩ ∂U
t
j,l)dµi,k(si,k)dµj,l(tj,l)
= L2
∑
i,k,j,l
∫ k
L
k−1
L
∫ l
L
l−1
L
♯(∂Usi,k ∩ ∂U
t
j,l)dsi,kdtj,l
since µi,k := Ldsi,k. Moreover, for any values of si,k and tj,l, we have
∂Usi,k = ∂{fi > si,k} ⊂ f
−1
i (si,k) and ∂U
t
j,l = ∂{fj > tj,l} ⊂ f
−1
j (tj,l).
Hence
Lˆ2 ≤ L2
∑
i,k,j,l
∫ k
L
k−1
L
∫ l
L
l−1
L
♯(f−1i (si,k) ∩ f
−1
j (tj,l))dsi,kdtj,l.
Denote Φi,j := (fi, fj) :M → R2 and set
Ωk,l :=
(
k − 1
L
,
k
L
)
×
(
l − 1
L
,
l
L
)
⊂ R2.
From Lemma 2.2, we deduce
Lˆ2 ≤ L2
∑
i,k,j,l
∫
Ωk,l
∫ l
L
l−1
L
♯(f−1i (si,k) ∩ f
−1
j (tj,l))dsi,kdtj,l
= L2
∑
i,k,j,l
∫
Φ−1
i,j
(Ωk,l)
|{fi, fj}|ω
≤ L2
∑
i,j
∫
M
|{fi, fj}|ω
and so ∑
i,j
∫
M
|{fi, fj}|ω ≥
Lˆ2
L2
=
(L + 1− |I|)2
L2
.
Letting L→∞, the desired result is obtained.
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